The notion of S-α anti conjugate fuzzy semigroups is introduced and order of an S-α anti fuzzy semigroup is defined. Quotient of S-α anti fuzzy cosets of an S-α anti fuzzy normal subsemigroup is defined and some of its properties are proved. It is also studied about the image and inverse image of S-α anti fuzzy semigroup under S-semigroup anti homomorphism.
Introduction and Preliminaries
Zadeh introduced the concept of fuzzy set in 1965 [1] . Fuzzy subgroup was defined by Rosenfeld [2] and it was generalized by Anthony and Sherwood [4] . W.B.Vasantha Kandhasami studied about Smarandache fuzzy semigroups [8] . P.K.Sharma introduced the concept of α-fuzzy set, α-fuzzy group, α-fuzzy coset, α-fuzzy normal subgroup and analyzed about their properties [12] . Gowri.R and Rajeswari.T introduced the concept of S-α anti fuzzy semigroup and S-α anti fuzzy normal subsemigroup and obtained their properties [14] . In this paper order of an S-α anti fuzzy semigroup, S-α anti conjugate fuzzy semigroups, Quotient of S-α anti fuzzy cosets of an S-α anti fuzzy normal subsemigroup are defined and discussed their characterisations. Definition 1.3 A semigroup S is said to be a Smarandache-semigroup (S-semigroup) if there exists a proper subset P of S which is a group under the same binary operation in S.
Result 1.4 [10] If A : G → [0, 1] is an anti fuzzy subgroup of a group G, then (i) A(x) ≥ A(e), where e is the identity element of G.
(ii) A(xy −1 ) = A(e) ⇒ A(x) = A(y), for all x, y ∈ G. Definition 1.5 Let S be an S-semigroup. A fuzzy subset A of S is said to be a Smarandache anti fuzzy semigroup (S-anti fuzzy semigroup) if A : S → [0, 1] is such that A is restricted to atleast one proper subset P of S which is a group and the restriction map A P : P → [0, 1] is an anti fuzzy group. Definition 1.6 Let A be a fuzzy subset of a group G. Let α ∈ [0, 1]. Then α-anti fuzzy subset of G(with respect to a fuzzy set A), denoted by A α , is defined as A α (x) = max{A(x), 1 − α}, for all x ∈ G. Definition 1.7 Let A be a fuzzy subset of a group G and α ∈[0,1]. Then A is called an α-anti fuzzy subgroup of G if A α is an anti fuzzy group. Definition 1.8 Let f be a mapping from a set G 1 into a set G 2 . Let A and B be fuzzy subsets of G 1 and G 2 respectively. Then f (A) and f −1 (B) are respectively the image of fuzzy set A and the inverse image of fuzzy set B, defined as
(iii) Let f : X → Y be a mapping and A and B be two fuzzy subsets of X and Y respectively.
Definition 1.10 Let G be an S-semigroup. Let A be a fuzzy subset of G and let α ∈ [0,1]. A is called a Smarandache -α anti fuzzy semigroup (S-α anti fuzzy semigroup) if there exists a proper subset P of G which is a group and the restriction of A to P (A P :
, for all x, y ∈ P . Definition 1.11 Let G be an S-semigroup and α ∈ [0, 1]. Let A be an S-α anti fuzzy semigroup of G relative to a group P in G and let x ∈ P . A smarandache-α anti fuzzy right coset (S-α anti fuzzy right coset) of A in G, denoted by A Pα x, is defined as (A Pα x)(g) = max{A P (gx −1 ), 1 − α}, for all g ∈ P .
Definition 1.12 Let G be an S-semigroup and α ∈ [0, 1]. Let A be an S-α anti fuzzy semigroup of G relative to a group P in G and let x ∈ P . A smarandache-α anti fuzzy left coset (S-α anti fuzzy left coset) of A in G, denoted by xA Pα , is defined as (xA Pα )(g) = max{A P (x −1 g), 1 − α}, for all g ∈ P .
Definition 1.13 Let G be an S-semigroup and α ∈ [0, 1]. An S-α anti fuzzy semigroup A of G relative to a group P in G is said to be a Smarandache-α anti fuzzy normal subsemigroup (S-α anti fuzzy normal subsemigroup) of G if xA Pα = A Pα x, for all x ∈ P .
Result 1.14 [14] Let A be an S-α anti fuzzy normal subsemigroup of an S-semigroup G relative to a group P in G. Define a set G A Pα = {x ∈ P/A Pα (x) = A Pα (e), e is the identity of P}. Then G A Pα is a normal subgroup of P .
Result 1.15 [14] Let A be an S-α anti fuzzy normal subsemigroup of an S-semigroup G relative to a group P in G. Then for all x, y ∈ P (i)xA
Definition 1.16 Let S and S be any two S-semigroups. A map φ : S → S is said to be an S-semigroup homomorphism if φ is restricted to subgroups A ⊂ S and A ⊂ S such that g : A → A , which is defined as g(x) = φ(x), x ∈ A, is a group homomorphism and φ is said to be an S-semigroup isomorphism if g is also bijective.
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(
2 Properties of S-α anti fuzzy semigroup
In this section S-α anti conjugate fuzzy semigroups, quotient of S-α anti fuzzy cosets of an S-α anti fuzzy normal subsemigroup are defined and their properties are analyzed. Throughout this section α will always denote a member of [0, 1]. Then A is an S-α anti fuzzy semigroup of S(3) relative to P .
Therefore, if H = {x ∈ P/A Pα (x) = A Pα (e), e is the identity element of P }, then H= 1 2 3 1 2 3 , 1 2 3 2 1 3 Therefore O(H) = 2 and hence O(A) = 2. Definition 2.3 Let A and B be two S-α anti fuzzy semigroups of an S-semigroup G relative to the same group P in G. A and B are said to be Smarandache-α anti conjugate fuzzy semigroups (S-α anti conjugate fuzzy semigroups) of G relative to P if there exists 
Similarly A Pα (x) = B Pα (g −1 xg), for all x ∈ P . Therefore A and B are S-α anti conjugate fuzzy semigroups of S(3) ralative to P .
Remark 2.5 If
, for all x ∈ P . Therefore A and B are S-α anti conjugate fuzzy semigroups of
Theorem 2.6 If A and B are S-α anti conjugate fuzzy semigroups of an S-semigroup G relative to a group P in G, then O(A) = O(B).
Proof: Since A and B are S-α anti conjugate fuzzy semigroups of G relative to P , there exists g ∈ G such that A Pα (x) = B Pα (g −1 xg), for all x ∈ P . We define H = {x ∈ P/A Pα (x) = A Pα (e)} and K = {x ∈ P/B Pα (x) = B Pα (e)}, where e is the identity element of P . If x, y ∈ H then A Pα (xy) ≤ max{A Pα (x), A Pα (y)} = A Pα (e) and hence A Pα (xy) = A Pα (e). Therefore
, by the definition of order, it is enough to prove that O(H) = O(K). Let x be an arbitrary element in H. Therefore there exists g ∈ P such that B Pα (g
. This implies g −1 xg ∈ K and hence x ∈ gKg −1 . Therefore H ⊂ gKg −1 . Now let x ∈ K. By assumption there exists the same g ∈ P such that A Pα (gxg
Hence the theorem.
Theorem 2.7
Let A be an S-α anti fuzzy normal subsemigroup of an S-semigroup G relative to a group P in G. Let G/A Pα denote the collection of all S-α anti fuzzy cosets of A in G relative to P . If A Pα x A Pα y = A Pα xy, x, y ∈ P then is a well defined binary operation on G/A Pα .
Proof: Since A is an S-α anti fuzzy normal subsemigroup of G relative to P , xA Pα = A Pα x, for all x ∈ P . Also G/A Pα = {A Pα x/x ∈ P }. Let A Pα x = A Pα x and A Pα y = A Pα y where x, y, x , y ∈ P . If g ∈ P then (A Pα xy)(g) = max{A P (g(xy)
−1 ), 1 − α}
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Therefore is a well defined binary operation on G/A Pα .
Theorem 2.8
The set G/A Pα of all S-α anti fuzzy cosets of an S-α anti fuzzy normal subsemigroup A of an S-semigroup G relative to a group P in G is a group under the binary operation defined in theorem 2.7.
Proof: By using the binary operation , it can be easily proved that the identity element of G/A Pα is A Pα e where e is the identity element of the group P and the inverse of an element A Pα x in G/A Pα is A Pα x −1 where x ∈ P . Definition 2.9 Let A be an S-α anti fuzzy normal subsemigroup of an S-semigroup G relative to a group P in G. Then the set G/A Pα of all S-α anti fuzzy cosets of A in G relative to P is a group and is called a factor group or quotient group of G by A Pα .
Example 2.10 Consider G = S(3) which is an S-semigroup. Theorem 2.11 Let G be an S-semigroup and A be an S-α anti fuzzy normal subsemigroup of G relative to a group P in G. Then the mapping f : P → G/A Pα defined by f (x) = A Pα x is an onto homomorphism with kerf = G A Pα .
Proof: Let x, y ∈ P . Then f (xy) = A Pα xy = (A Pα x) (A Pα y) = f (x) f (y) and hence f is a homomorphism. By definition of f , it is obvious that f is surjective. Now Kerf = {x ∈ P/f (x) = A Pα e} = {x ∈ P/xe
Theorem 2.12 Let A be an S-α anti fuzzy normal subsemigroup of an S-semigroup G relative to a group P in G. Then the group G/A Pα is isomorphic to the quotient group P/G A Pα .
Proof: We know that G/A Pα = {A Pα x/x ∈ P } and G A Pα = {x ∈ P/A Pα (x) = A Pα (e), e is the identity of P }. Since G A Pα is a normal subgroup of P [by theorem 1.14], P/G A Pα is a quotient group.
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and hence ψ is a homomorphism. Now, if ψ(A Pα x) = ψ(A Pα y) then xy −1 ∈ G A Pα which implies that A Pα x = A Pα y [by theorem 1.15]. Therefore ψ is injective. By the definition of ψ, it is easy to see that ψ is onto. Therefore G/A Pα is isomorphic to P/G A Pα .
Remark 2.13
If A is an S-α anti fuzzy semigroup of an S-semigroup G relative to a group P in G, then clearly A Pα (x) = A α (x), for all x ∈ P . Theorem 2.14 Let G 1 and G 2 be two S-semigroups and let f : G 1 → G 2 be an S-semigroup homomorphism. If B is S-α anti fuzzy semigroup of G 2 relative to the restricted group in G 2 with respect to f , then f −1 (B) is also S-α anti fuzzy semigroup of G 1 .
Proof: Since f : G 1 → G 2 is an S-semigroup homomorphism, f is restricted to subgroups P ⊂ G 1 and Q ⊂ G 2 such that φ : P → Q, which is defined as φ(x) = f (x), x ∈ P , is a group homomorphism. By assumption, B is an S-α anti fuzzy semigroup of G 2 relative to Q. Therefore B Qα is an anti fuzzy group. By definition of inverse image,
By (i) and (ii) f −1 (B) is an S-α anti fuzzy semigroup of G 1 relative to P .
Theorem 2.15 Let G 1 and G 2 be two S-semigroups and let f : G 1 → G 2 be an S-semigroup homomorphism. If B is an S-α anti fuzzy normal subsemigroup of G 2 relative to the restricted group in G 2 with respect to f , then f −1 (B) is S-α anti fuzzy normal subsemigroup of G 1 .
Proof: As in theorem 2.14, φ : P → Q,which is defined as φ(x) = f (x), x ∈ P , is a group homomorphism. By assumption B is an S-α anti fuzzy normal subsemigroup of G 2 relative to Q. Therefore by result [1.17] B Qα (xy) = B Qα (yx), x, y ∈ Q.
is an S-α anti fuzzy normal subsemigroup of G 1 .
Theorem 2.16
Let G 1 and G 2 be two S-semigroups and let f : G 1 → G 2 be an S-semigroup isomorphism. If A is an S-α anti fuzzy semigroup of G 1 relative to the restricted group in G 1 with respect to f , then f (A) is an S-α anti fuzzy semigroup of G 2 .
Proof: Since f : G 1 → G 2 be an S-semigroup isomorphism, f is restricted to subgroups P ⊂ G 1 and Q ⊂ G 2 such that φ : P → Q, which is defined as φ(x) = f (x), x ∈ P , is a group isomorphism. By assumption A is an S-α anti fuzzy semigroup of G 1 relative to P . Therefore A Pα is an anti fuzzy group. By definition of image,
Since φ is bijective there exist unique elements x 1 , x 2 ∈ P such that φ(x 1 ) = y 1 and φ(x 2 ) = y 2 .
≤ max{A Pα (x 1 ), A Pα (x 2 )} = max{sup{A α (x 1 )/f (x 1 ) = y 1 }, sup{A α (x 2 )/f (x 2 ) = y 2 }} = max{f (A α )(y 1 ), f (A α )(y 2 )}.
Thus (f (A)) Qα (y 1 y 2 ) ≤ max{(f (A)) Qα (y 1 ), (f (A)) Qα (y 2 )}.
(ii) Since φ is a homomorphism, φ(x 1 ) = y 1 ⇒ φ(x Theorem 2.17 Let G 1 and G 2 be two S-semigroups and let f : G 1 → G 2 be S-semigroup isomorphism. If A is an S-α anti fuzzy normal subsemigroup of G 1 relative to the restricted group in G 1 with respect to f , then f (A) is an S-α anti fuzzy normal subsemigroup of G 2 .
Proof: As in theorem 2.16 φ : P → Q, which is defined as φ(x) = f (x), x ∈ P , is an isomorphism and A Pα (x 1 x 2 ) = A Pα (x 2 x 1 ), for all x 1 , x 2 ∈ P by result 1.17. Let y 1 , y 2 ∈ Q. Since φ is bijective there exist unique elements x 2 , x 2 ∈ P such that φ(x 1 ) = y 1 and φ(x 2 ) = y 2 . Now (f (A)) Qα (y 1 y 2 ) = max{f (A)(φ(x 1 )φ(x 2 )), 1 − α} = max{f (A)f (x 1 x 2 ), 1 − α} = max{A(x 1 x 2 ), 1 − α} = A Pα (x 1 x 2 ) which leads to (f (A)) Qα (y 1 y 2 ) = (f (A)) Qα (y 2 y 1 ). Thus f (A) is an S-α anti fuzzy normal subsemigroup of G 2 .
